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ALGEBRAS 
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Abstract. Mason and Ng have given a generalization to semisimple quasi- 
Hopf algebras of Linclienko and Montgomery's generalization to semisimple 
Hopf algebras of the classical Frobenius-Schur theorem for group representa- 
tions. We give a simplified proof, in particular a somewhat conceptual deriva- 
tion of the appropriate form of the Frobenius-Schur indicator that indicates if 
and in which of two possible fashions a given simple module is self-dual. 



1. Introduction 

Let (throughout this paper) k be an algebraicaUy closed field of characteristic 
zero. 

Let G be a finite group, and V a finite-dimensional fc-linear representation of G. 
According to the classical Frobenius-Schur Theorem, V falls into one of the following 
three mutually exclusive classes: Either it is not selfdual, or there is a nondegenerate 
G-invariant bilinear form on V that is symmetric, respectively skew-symmetric. 
Which of the three cases is at hand can be decided by computing the Frobenius- 
Schur indicator = Xv{\G\~^ Tlgt^Gd^)- This can only take the values 0, 1, — 1, 
which occur when V is not selfdual, admits a nondegenerate symmetric invariant 
bilinear form, or admits a nondegenerate skew-symmetric invariant bilinear form, 
respectively. 

Linchenko and Montgomery ^0] have generalized the Frobenius-Schur Theorem 
to irreducible representations V of a semisimple Hopf algebra i7, which are found 
to fall into the same three classes, again detected by the Frobenius-Schur indicator, 
now given by vy = xv{^{i)^(2)) for a normalized integral K E H . 

Finally, Mason and Ng TT have generalized the results of Linchenko and Mont- 
gomery to the case of a semisimple quasi-Hopf algebra H . As pointed out by Mason 
and Ng (and also by Pavel Etingof in an email to Susan Montgomery), a quite gen- 
eral argument essentially due to Fuchs, Ganchev, Szlachanyi, and Vescernyes 0] 
shows that a trichotomy generalizing that in the Frobenius-Schur and Linchenko- 
Montgomery Theorems can be obtained for simple objects of any pivotal fusion 
category — this covers the representation category of a semisimple quasi-Hopf al- 
gebra by results of Etingof, Nikshych, and Ostrik ^^i- It is perhaps more surprising 
that a formula for a Frobenius-Schur indicator detecting the three cases can again 
be found, by adorning the formula from |1(J| with the structure elements of a quasi- 
Hopf algebra in a rather non-obvious fashion. 
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The present paper contains no new results in this direction. We do, however, 
present a new proof for the fact that the Frobenius-Schur indicator of Mason and 
Ng does in fact indicate what it should. We find this worthwhile because our proof 
does not involve a lot of calculations with the structure elements and axioms of 
quasi-Hopf algebras, and is quite short. We should acknowledge that on our short 
and direct route to the indicator formula we do not encounter (and prove) many of 
the facts contained in the work of Mason and Ng. 

Key to our proof is writing the Frobenius-Schur indicator of a module V as the 
trace of a certain endomorphism of the invariant subspace oiVc^SiV. In the case of 
ordinary Hopf algebras, where the endomorphism is given by flipping tensor factors, 
this argument appears in work of Kashina, Sommerhauser, and Zhu |H]. 



2. Definitions and Preliminaries 

A monoidal category C is a category equipped with a bifunctor : C x C — > C, a 
coherent natural (in U,V,W isomorphism $ : {U ®V) ®W ^ U ® {V ®W), 
and a neutral object /, which, for simplicity, we assume strict in the sense that 
I ®V = V ® I, naturally in ^ G C. Coherence of $ (and the neutral object) 
means that all reasonable diagrams involving only instances of $ and introducing 
and cancelling neutral objects commute. A consequence is that C is equivalent as 
a monoidal category to a strict monoidal category, that is, one in which $ is an 
identity. We refer to for background on monoidal categories. 

Except for a few facts on general monoidal categories, we will mostly deal with 
vector spaces over a fixed algebraically closed field k of characteristic zero, and ® 
will mean tensor product over k. We let t: V ®W ^ W ®V denote the flip of 
tensor factors. We will recklessly use the formal notation w(X)ui G for general 

elements oi V W, even if we know that the element in question is not a simple 
tensor. In particular, notations like q — q*^^^ ® g'^^-' G V ®W will often be used to 
refer to the components of a tensor. 

A quasibialgebra H is an associative algebra (whose multiplication map we de- 
note by V : H ^ H ^ H) with an algebra map A : H H ^ H called comultipli- 
cation, an algebra map s: H —> k that is a counit for A, and an invertible element 
(f> e H ® H ® H such that the category hM is a monoidal category as follows: 
The tensor product oiV.W € h-M is taken over k and endowed with the diagonal 
module structure h(v ®w) = ® h(2)W, where A(/i) = (g) /i(2), the coherent 
associator isomorphism $ : (U iSiV) i^W ^ U ^ {V iSiW) for U,V,W e hM is left 
multiplication by 0. We write </> = t/)"^^^ (g)^^^^ (8)0^^) and = 0("i) (g)0(~2) 
when in need of referring to the tensor components of (p. The neutral object in h-M. 
is the trivial module k with action via £, and the usual canonical identifications 
k(S)V = V ®kioYV hM. 

We made a point of not actually recalling the axioms on the data A and (j> that 
ensure that h-M is monoidal — we will never have to use most of those axioms. 
We will need to know that applying e to any of the three tensor factors of (j> yields 
1 G H^H. For details and background on quasibialgebras and quasi-Hopf algebras, 
which were introduced by Drinfeld [2], we again refer to 0. 



ON THE FROBENIUS-SCHUR INDICATORS FOR QUASI-HOPF ALGEBRAS 



3 



A quasiantipode {S, a, (3) for a quasibialgebra H consists of an anti-algebra en- 
domorphism S of H, and elements a,P € H, such that 

S'(/i(i))q!/i(2) = e{h)a, /i(i)/3S'(/i(2)) = e{h)P, 

0(i)/3^(</)(2))a</,(3) = 1, 5(0(-i))«(/.(-2)/3(/.(-3) = 1 

hold in H, for h e H. A quasi-Hopf algebra is a quasibialgebra with a quasi- 
antipode. If H is finite-dimensional then S is always a bijection by a result of 
Bulacu and Caenepeel (J. If iJ has a quasiantipode, then the category of finite 
dimensional i?-modules is rigid: Every finite-dimensional module V G hM has 
a dual object € hM-, whose underlying vector space is the vector space dual 
V*, endowed with the module structure in which h € H acts as the dual of the 
map given by the action of S{h) on V. The evaluation and coevaluation (or "dual 
basis" ) morphisms are given by 

ev: V*(E)V3(p^vt~^ (p{av) S k 

dh: k B Pvi® v\ 

where Vi ® v"^ ®V* is the canonical element. 

If H has bijective antipode, then the functor (-)^ is an equivalence. We denote 
the inverse functor by ^(-) and call '^V the right dual of V . Just like the left dual, 
the right dual has V* as its underlying vector space. 

As for any object of a monoidal category having a dual object y^, we obtain 
an adjunction 

^0 : Hom/^(C/, V^W)-^ Hom^ (y^ ® U, W) 

by 

We recall the following elements oi H ® H introduced by Hausser and Nill 

= ^ ^(-3) ^ 0(2)^-1(^(1)^) ^ ^(3) 

Writing f{u) = /(i'(u) ® f^^Hu) G V ® for / : [/ V (g) 1^ , we find 

and 

Specializing U = k and using the identification Homnik, M) — = {m G 

A4\hm = £{h)mih G we find 

(2.1) A: {V ®W)" ^YfoniHiV^ ,W)] A{v®w){ip)^if{q^l\)q'^^w 

with ^~i(g) = I3vig{v^). We note (g) A{v ® w){v^) = qL{v ® w). 

Finally, recall |7j that a quasi-Hopf algebra H is semisimple if and only if it 
contains a normalized integral A, that is, an element A G // satisfying hA = e{h)A 
for all ft. G and e(A) = 1. For any i7-module M, the ff-linear projection 
tt: Af — > onto the isotypical component of the trivial module, or the invariant 
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subspace — {m e M\hm — e{h)m\/h e H}, is multiplication by the normalized 
integral A. 

In the sequel, we will refer to all the structure elements mentioned for a (semisim- 
ple) quasi-Hopf algebra in this section without further notice. 

3. The pivotal structure 

A pivotal structure for a monoidal category C with a duality functor (-)^ is by 
definition a monoidal natural isomorphism j : V ^ V'^'^ . We note that (as a special 
case of a fact pertaining to all monoidal transformations) we have (jV)^ = jyl for 
all Fee. 

Recall |3] that for a morphism / : F — > in a rigid monoidal category one 
can define the (categorical) trace of / by 

trv(/) = (^/ ^ y ® ® 1/^ ^ G Endc(F) 

We will depend heavily upon the following result of Etingof, Nikshych, and Os- 
trik: By [31 Prop. 8. 24 and Prop. 8. 23], the monoidal category h-M for a semisimple 
quasi-Hopf algebra is pivotal. More precisely, for any simple //-module V there 
is a unique isomorphism jv ■ V ~^ 1/^^ with try(jV) = dimF. The jv are the 
components at the simple modules of a unique natural transformation j, which is 
a pivotal structure on h-M, and satisfies t^vUv) = dimF for all finite-dimensional 
//-modules V. 

Since j is natural, there exists a unique invertible g € H with j(v) = i{gv) for 
all V Q V, where l: V ^ V** is the canonical vector space isomorphism. 

Since the invariant subspace (V^W)^ is isomorphic to Hom// (fc, V(S^W), we see 
that V"^ V contains a unique up to scaling //-invariant element for every simple 
V. The formula for the categorical trace of jvy shows that the unique invariant 
element in F^ V mapped to dim V under the evaluation map F^ eg) F ^ fc is 
(jvy (X) V) dbvy(l) ^j{Pv')>S>v, = (3i{v'')®v^ = /Sd' j"^ (i(wj ) ) = I3v'' ® g-'^v,. 

On the other hand, it is easy to exhibit elements in ® V mapped to dim V 
under the evaluation map: For t = t'^^^ (g) i*^^^ ^ H ® H, the element t'^^^v^ ® t^^^'vi 
is mapped to {t'^^^v^){at^'^^Vi) = xviS{t^^'')o:t'^^^)- For this to be equal to dimF — 
Xv'(l) it suffices to have 5(t^^')at^^' — 1, which is the case both for t — and 
t = pf{. Since the evaluation morphism is //-linear, we have ev(Af) — ev(^) for 
every ^ € V'^ (E)V. If ev(^) = dimF, then it follows that A^ = jSv^ (g) g^^Vi. We 
conclude 

Lemma 3.1. Let H be a semisimple quasi-Hopf algebra andt G {pliPr} C H®H. 
For every finite- dimensional H-module V we have 

/3v' (g) g-^v, ^ A(i)t(i)w* ® A(2/^^v^ (g>V 

and g-^S{(3) = S'(A(i)t(i))A(2)t(2) e H. 

Proof. We proved the first formula for the case where V is simple. This entails that 
the second formula holds in Endfc(F) for every simple module, hence in //, which 
in turn implies the first formula for any module. □ 

Remark 3.2. The second formula gives an explicit formula for g in the case that (3 
is a unit in //, and comes close otherwise. However, the first, somewhat less explicit 
formula proves particularly useful in our computations below. 
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4. FrOBENIUS-SCHUR INDICATORS 

Let V and W be two objects of a pivotal rigid monoidal category C. Then we 
have a bijection 

T = Tvw ■■ CiV^^W) ^ C{W'^,V), 
given by T(/) = (Vt^^ ^ ^ V). We note that 

In particular, Tyv is an order two automorphism of C(V'^ , V). In the case that V 
is a self-dual simple module in C = hA^, TVy is multiplication by a scalar thanks 
to Schur's lemma, and the scalar can only be ±1. Thus, there are exactly three 
possibilities for a simple i/-module V: Either V is not self-dual, in which case we 
put nv — 0, or it is, and every isomorphism /: V'^ V satisfies jyf = My/^, 
with the sign fiy S {±1} independent of the choice of /. 

Linchenko and Montgomery |10| . generalizing a classical result on group rep- 
resentations by Frobenius and Schur, have proved the above trichotomy for sim- 
ple modules of a semisimple Hopf algebra (note j is trivial in this case by the 
Larson-Radford Theorem), and shown that which of the cases applies to a particu- 
lar module can be decided using the Frobenius-Schur indicator, given by the formula 
i^viV) = Xv(^(i) A(2))- The indicator can only take the values 0, ±1, depending on 
which of the three possible behaviors V displays. 

Mason and Ng JI] have in turn generalized the results of Linchenko and Mont- 
gomery to the quasi-Hopf algebra case. We have already seen that the same tri- 
chotomy is preserved here. It can be reformulated as in to be a property of 
bilinear forms on V: An isomorphism f : V ^ V* is the same as a nondegenerate 
bilinear form a: V iSiV ^ k, hy the correspondence a{v,'w) = f{v)(w). One checks 
that / is an i7-hnear map f : V ^ if and only if a{hv,w) — a{v, S{h)w), that 
is, (T is a bilinear form with adjoint S in the sense of If / corresponds to cr, 
then /^jy corresponds to a' given by a'{v,w) = a{w,gv). Thus, the trichotomy 
can be restated as follows: If there exists a nondegenerate bilinear form a on V 
with adjoint S, then there is fj,v G {il} so that a{v, w) = fj,ya{w, gv) for any such 
form. If there is no such form, we put /zy = again. 

In the rest of this section we will deal with the question how one can come up 
with a modification of the Frobenius-Schur indicator of Linchenko and Montgomery 
suitable for the quasi-Hopf algebra case. This means that, rather than only label 
the three possible relations of V to its dual by a number /iy, we are looking for a 
formula computing a number vy & k from the structure elements of a semisimple 
quasi-Hopf algebra and the character xv of a simple module V , such that vy — fJ-v 
(and in particular vy £ {0, ±1}). 

We begin by considering two _ff-modules V, W and computing the composition 



Eyw ■■= ({V(E>W)"^RomH{V'^,W)^^^liomH{W'^,V) {W(E)V) 
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where A was introduced in l|2.1() . We have 

A^^TA{v ® w) = l3wi (g) TA{v ® 

= fiA{v(E)w){v')(E)jy\L{vi)) 

= A{v ® w){l3v'^) ®g^^{vi) 

= A{v ® w){K^i)t^^^v^) (g) A(2)t*^^^wi 

for w (g) w e (g) M^)^, so that 

E^yvt' = ((T^ ® W)" -^V ®W -^V ®W (gV ®V ^ {W (g V)"^ . 

Now consider the case where V — W is simple. Then {V ® V)^ is zero unless V is 
selfdual, and then (V^V)^ is one-dimensional. In either case Tw is multiplication 
by fiv S {0, ±1}. Consequently Eyv is multiplication by the same scalar jiy, and 
this is also the trace of Eyv- But Evv has the same trace as 

E' := (v ®V ^ {V V)" ^V(E>V^V(g,V^V(E)V^V(g)V'^ 
^ (^V(E)V V(E>V^V(E)V^V(g)V^. 
Now using the general observation 

(4.1) tr((/i /2) O T O (/3 U)) tr(/3/l/4/2) 

for cndomorphisms fi, . . . , of wc find that 
tT{Evv) = triE') 

= xW<zi^^A(,)t(i),fA(2)t(^)) 

= Xv(V(gLA(A)0). 
We have proved the following result of Mason and Ng: 

Theorem 4.1. Let H be a semisimple quasi-Hopf algebra, and t G {pl,Pr\- Put 
vh '■— V(gLA(A)t). Let V be a simple H -module, and define the Frobenius-Schur 
indicator vy '■— Xvi^a)- Then vy G {0, ±1}, and the following are equivalent for 

(1) vv ^ IJ. 

(2) There is an H -linear isomorphism f : V V"^ with f^jy — A*/- 

(3) There is a nondegenerate bilinear form a onV with adjoint S and a{v, w) = 
fia{w, gv) for all v,w £V . 

In closing we should stress that the key trick of writing the indicator as the trace 
of an endomorphism of {V ® V)^ , using (|4.1|) . is due to Kashina, Sommerhauser, 
and Zhu ,8^; they treat the case of ordinary Hopf algebras, where Eyw is just the 
flip of tensor factors. 
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